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Abstract
Let B denote the set of values of b for which there exists a block design with b blocks and for
k3, let Bk denote the subset of B determined by the designs with block size k. We present some
information about B and the sets Bk . In particular, we discuss, for certain integers h, the question as
to whether there exist integers k and k′ such that the equation b′ = b+h has inﬁnitely many solutions
b, b′ satisfying b ∈ Bk and b′ ∈ Bk′ . The study is restricted to the case = 1.
© 2004 Elsevier B.V. All rights reserved.
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In this paper we present some results concerning the set of values of b for which there
exist block designs with b blocks. In this print version of the article we give statements
of our results and provide some background information and motivation, but we give no
proofs. Detailed proofs are given in the Multi-Media Component which is available in the
electronic version of Discrete Mathematics.
For k3 set
Bk = {b : there exists a (v, b, r, k, 1)-design for some v and r}
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and set
B =
∞⋃
k=3
Bk.
Of course, in view of (2) below, we could write “for some v” in the deﬁnition of Bk .
We have the following well known necessary conditions for the existence of a
(v, b, r, k, 1)-design:
bk(k − 1)= v(v − 1) (1)
and
v − 1= r(k − 1). (2)
It is known that conditions (1) and (2) are nearly sufﬁcient for the existence of a (v, b, r, k, 1)-
design in the following sense.
Theorem (Wilson [16]). For each k3 there exists a least integer V (k) such that if (1)
and (2) are satisﬁed and vV (k) then there exists a (v, b, r, k, 1)-design.
V (k) has been determined only for k = 3, 4 and 5, and in these cases there are no
exceptions; that is, (1) and (2) are necessary and sufﬁcient conditions for the existence of a
(v, b, r, k, 1)-design. See the paper of Hanani [11] and for upper bounds for V (k) for small
values of k, see the survey article of Abel and Greig [1]. Recently an explicit upper bound
for V (k), valid for all k, was given by Chang.
Theorem (Chang [4–7]).
V (k)< exp kk
2
. (3)
The following list gives the values of b1000 which are known to be in B. The values
were taken from the table on pages 14–35 of Mathon and Rosa [14].
7,12,13,20,21,26,30,31,35,50,56,57∗,63,70,72,73,82,90,91,99,100,111,117,
130,132,133,143,155,176,182,183∗,190,195,196,208,221,222,247,255,272,273∗,
301,304,305,306,307,324,330,336,357,371,380,381,392,407,425,438,475,484,
495,505,525,532,546,552,553,595,610,612,638,650,651∗,676,726,737,755,756,
757,775,776,782,806,825,870,871,876,925,957,969,981,987,992,993.
We discuss several questions, some of which were suggested by observations that we
made concerning the above list and the table in [14].
The numbers in the list marked with an asterisk appear twice in the table. Each of these
numbers occurs in two of the sets Bk . It will be useful if we spell this out in detail.
57 ∈ B3 ∩ B8. The designs are (19, 57, 9, 3, 1) and (57, 57, 8, 8, 1).
183 ∈ B5 ∩ B14. The designs are (61, 183, 15, 5, 1) and (183, 183, 14, 14, 1).
273 ∈ B6 ∩ B17. The designs are (91, 273, 18, 6, 1) and (273, 273, 17, 17, 1).
651 ∈ B3 ∩ B26. The designs are (63, 651, 31, 3, 1) and (651, 651, 26, 26, 1).
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This immediately suggests the question as to whether there are inﬁnitely many such
double occurrences. That this is the case is, in fact, a simple consequence of Theorem
1 below. Observe next that in each of the above examples one of the designs is a pro-
jective plane and this raises the question as to whether this is necessarily so. Here the
answer is negative; this is also a consequence of Theorem 1. One may also ask whether
there are inﬁnitely many such double occurrences in which one of the designs is a pro-
jective plane. We cannot answer this question but we note that if p ≡ 1(mod 3) then the
parameters
(
p2 + p + 1
3
, p2 + p + 1, p + 2, p + 2
3
, 1
)
satisfy conditions (1) and (2). Thus, if p is a prime power, the existence of a design with
these parameters, together with a projective plane of order p, would yield such a dou-
ble occurrence. However, the existence of such a design is known only for p = 7, 13
and 16, giving the ﬁrst three examples listed above. One may make a similar remark
about
(
p3 + 1
2
, p4 + p2 + 1, p2 + p + 1, p + 1
2
, 1
)
and the projective plane of orderp2,p anoddprimepower.But designswith these parameters
are known to exist only for p = 5, 7, 9 and 11. Those for p = 7, 9 and 11 are beyond the
range of the table in [14]. The fourth example listed above arises from p = 5.
Theorem 1. For k3, k′3, k = k′, Bk ∩ Bk′ is inﬁnite if and only if D(k, k′) :=
k(k − 1)k′(k′ − 1) is not a square.
In addition to providing the answers to the ﬁrst two questions in the preceding paragraph,
Theorem 1 has the following corollaries:
Corollary 2. For each k3, there exists an inﬁnite set Sk such that Bk ∩Bk′ is inﬁnite for
all k′ ∈ Sk .
Corollary 3. There exists an inﬁnite set S such that for k, k′ ∈ S, Bk ∩ Bk′ is inﬁnite.
Concerning values of k and k′ for which Bk ∩ Bk′ is ﬁnite we have the following two
results:
Theorem 4. For each k3, there exists an inﬁnite set Tk such that Bk ∩ Bk′ is empty for
k′ ∈ Tk .
Theorem 5. There exists an inﬁnite set T such that Bk ∩Bk′ is empty for k, k′ ∈ T , k = k′.
We could not determine any values k and k′ for which Bk ∩ Bk′ is ﬁnite and non-empty.
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No number in the above list appears in three of the sets Bk and we do not know whether
any such number exists in B. We remark that if p ≡ 1(mod 6), then the sets of parameters
(p4 + p2 + 1, p4 + p2 + 1, p2 + 1, p2 + 1, 1),
(
p4 + p2 + 1
3
, p4 + p2 + 1, p2 + 2, p
2 + 2
3
, 1
)
,
(
p3 + 1
2
, p4 + p2 + 1, p2 + p + 1, p + 1
2
, 1
)
,
satisfy (1) and (2) but for no value of p is it known that for all three sets of parameters,
corresponding designs exist. In connection with this question we have the following result:
Theorem 6. For any triple of distinct integers k, k′, k′′, Bk ∩ Bk′ ∩ Bk′′ is ﬁnite.
In the list there are many pairs of consecutive integers. That there are inﬁnitely many
such pairs in B follows from the observation that a projective plane and a residual design
yield such a pair. The ﬁrst three pairs in the list are of this sort. There are, however, pairs of
consecutive integers in B that do not arise in this way; for example, 195 and 196. Actually,
because of the double appearance of 57 and 183 in the table, 56, 57 and 182,183 are smaller
such pairs. This raises the question as to whether there are inﬁnitely many such pairs that
do not arise from a projective plane and a residual design. That this is so is a consequence
of the following stronger result:
Theorem 7. Suppose that D(k, k′) is not a square. Then there exist inﬁnitely many b such
that b ∈ Bk and b + 1 ∈ Bk′ .
In the list one ﬁnds three consecutive integers 755, 756, 757 and four consecutive integers
304, 305, 306, 307.We do not knowwhether there exists a set of ﬁve consecutive integers in
B. We could also not decide whether there are any sets of length at least three other than the
two just mentioned.We observe that the sets of parameters, provided the terms are integers,
(
p2 − 1
3
, p2 + p − 2, p + 2, p + 1
3
, 1
)
,
(
p2 + p − 1
5
, p2 + p − 1, p + 3, p + 3
5
, 1
)
,
(p2, p2 + p, p + 1, p, 1),
(p2 + p + 1, p2 + p + 1, p + 1, p + 1, 1),
satisfy (1) and (2). If p is a prime power, designs corresponding to the third and fourth
sets exist. In case p = 17, designs exist for all four sets, giving the second example men-
tioned above. In case p = 27, designs exist for the last three sets of parameters, giving the
ﬁrst example. In connection with this question, the following result shows that the natural
analogue of Theorem 7 is false:
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Theorem 8. For any triple of distinct integers k, k′, k′′ there exist only ﬁnitely many b such
that b − 1 ∈ Bk′ , b ∈ Bk , b + 1 ∈ Bk′′ .
In the list there are several pairs of the type b, b+ 2. It is natural to ask whether there are
inﬁnitely many such pairs inB. More generally, for integral values of h onemay ask whether
there exist inﬁnitely many b ∈ B such that b + h ∈ B. Of course, information in the cases
h= 0 and 1 is provided by Theorems 1 and 7. For integers k, k′, h, k3, k′3, k = k′ we
set
B(k, k′, h)= {b : b ∈ Bk, b + h ∈ Bk′ }.
Observe that B(k, k′, 0)=Bk ∩Bk′ . It will be convenient if we allow negative values for h.
Note however that B(k′, k,−h) is obtained from B(k, k′, h) via a translation through h.
Theorem 9. If D(k, k′) is not a square then B(k, k′, h) is either empty or inﬁnite.
To see how Theorem 9 applies to the case h= 2, observe, from the list, that 70, 72 ∈ B.
One ﬁnds from the table in [14] that 70 ∈ B3 and 72 ∈ B8, the designs having parameters
(21, 70, 10, 3, 1) and (64, 72, 9, 8, 1). Since D(3, 8) = 336 is not a square, B(3, 8, 2) is
inﬁnite; that is, there are inﬁnitely many b ∈ B3 such that b + 2 ∈ B8.
Our next result generalizes Theorems 1 and 7.
Theorem 10. Let k3 and let s satisfy 0sk − 1, s2 ≡ s(mod k). Let t0 satisfy
t ≡ s(mod k) and let h= h(s, t)=−t2 + ( t2−t
k
). Then B(k, k′, h) is inﬁnite for any k′3
for which D(k, k′) is not a square.
Note that in Theorem 10 one may take t = 0 or 1 for all values of k. Thus Theorem 10
includes Theorems 1 and 7 as special cases. However, Theorem 10 contains considerably
more information. For example s2 ≡ s(mod 6) has solutions s=0, 1, 3, 4. Thus B(6, k′, h)
is inﬁnite for four inﬁnite classes of values of h whenever D(6, k′) is not a square. On the
other hand, the limitations of Theorem 10 may be seen from the fact that it does not provide
an answer to the following question: does there exist an h, |h|2, about which it can be said
that B(k, k′, h) is inﬁnite whenever D(k, k′) is not a square? It is a corollary of Theorem
10 that there exists an inﬁnite set H such that for each h ∈ H there is at least one pair k, k′
such that B(k, k′, h) is inﬁnite. However, the set H obtained via Theorem 10 has density 0.
The following theorem therefore provides additional information in this regard:
Theorem 11. There exists a set H of positive density such that for each h ∈ H there exist
at least one pair k, k′ for which B(k, k′, h) is inﬁnite.
We have developed a number of results concerning values of k, k′ and h for which
B(k, k′, h) is empty.
Theorem 12. For any pair k, k′ for which D(k, k′) is not a square there exist inﬁnitely
many h for which B(k, k′, h) is empty.
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Our proof of Theorem 12 makes uses of Dirichlet’s Theorem asserting that if a and b
are relatively prime positive integers then there are inﬁnitely many primes p satisfying
p ≡ a(mod b). For speciﬁed small values of k and k′, one may devise a proof that avoids
Dirichlet’s Theorem, but we could not give such a proof for the general case. There seems
to be no simple characterization of the values of h for which, for given k and k′, B(k, k′, h)
is empty. However, in a sense made precise in Theorem 15 below, this is almost always the
case.
Theorem 13. There exist an inﬁnite set H of integers and inﬁnite sets K andK ′ of positive
integers such that for all h ∈ H , k ∈ K , k′ ∈ K ′,D(k, k′) is not a square and B(k, k′, h)
is empty.
We have also obtained some results concerning asymptotics and estimates. In this regard
we adopt the convention that if A is a set of positive integers then A(z) denotes the number
of elements of A not exceeding z.
We have the following quantitative version of Corollary 3 asserting thatBk∩Bk′ is almost
always inﬁnite.
Theorem 14. There exists a set S such that for k, k′ ∈ S, k = k′, Bk ∩ Bk′ is inﬁnite and
S(z)> z− c√z, for some constant c > 0.
A result analogous to Theorem 14 also holds for B(k, k′, 1). That is, B(k, k′, 1) is almost
always inﬁnite. However, for no value of h, |h|2, can we establish such a statement about
B(k, k′, h).
Our next result asserts that for ﬁxed k, k′, B(k, k′, h) is empty for almost all h. It is a
more quantitative version of Theorem 12.
Theorem 15. Let k and k′ be such that D(k, k′) is not a square and let H = {h : h0,
B(k, k′, h) is empty}. Then there exist positive constants c and  such that
H(z)z
{
1− c
(log log z)

}
.
We remark that our proof of Theorem 15 makes use of the prime number theorem for
arithmetic progressions.
For Bk(z) we have the following asymptotic estimate:
Theorem 16. Let (k) denote the number of distinct prime divisors of k. Then, for each
k3,
Bk(z)= 2
(k)
√
k(k − 1) z
1
2 +O(1),
as z→∞. The O(1) term depends only on k.
In caseB(k, k′, h) is inﬁnite,wehave the following asymptotic estimate forB(k, k′, h)(z):
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Theorem 17. Suppose that k, k′ and h are such thatB(k, k′, h) is inﬁnite. Then there exists
a positive constant c = c(k, k′, h) such that, as z→∞,
B(k, k′, h)(z)= (c + o(1)) log z.
We have determined the values of c(k, k′, h) for certain small values of k, k′, and h but
there is little hope of doing this in general. In the case h = 0, we need (in the proof of
Theorem 19 below) an upper bound for (Bk ∩Bk′)(z) that holds uniformly for all k, k′ in a
fairly long interval.
Theorem 18. If D(k, k′) is not a square, then there exists a number z0 such that
(Bk ∩ Bk′)(z)< 16k4 log z,
for all zz0 and for all k, k′ satisfying k′<k<z
1
10
.
We remark that one may show that for any > 0 there exists numbers k0 = k0() and
z0 = z0() such that (Bk ∩ Bk′)(z)< k log z for all z> z0 and all k and k′ satisfying
k0<k<z
1
10 , k′<k.
Our ﬁnal theorem concerns estimates for B(z). Here we cannot determine an asymptotic
estimate or even the order of magnitude.
Theorem 19. There exists positive constants c1 and c2 such that for all sufﬁciently large z,
c1z
1
2 (log log log z)2<B(z)< c2z
1
2 (log z)2.
While the arguments that we present in the full paper are fairly elementary, we do make
use of the deep theorems of Wilson and Chang and we need to appeal to a deep result of
Thue ([15], see also [3]) concerning the ﬁniteness of the number of integer solutions of
certain pairs of simultaneous Diophantine equations. As was noted earlier, we also make
use of the prime number theorem for arithmetic progressions. A few additional results of
a number-theoretic nature are needed. These may be found in the standard texts. See, for
example, [2] and [13].
The questions considered here are of a somewhat unconventional nature and we wish to
explainwhatmotivated us.Associatedwith any block design is a series of block-intersection
graphs. For each i=0, 1, . . . , k, the vertices of the graphGi are the blocks and two vertices
are joined by an edge if the corresponding blocks intersect in exactly i points. These graphs
are of much interest for a number of reasons. We mention brieﬂy a few of these and cite
some representative references. The graphs have proven to be extremely useful in the theory
of strongly regular graphs (see, for example, the paper of Goethals and Seidel [10] and the
interesting discussion in Section 10.3 of Godsil [9]). The cliques of these graphs are used
as effective isomorphism invariants (see for example [8]). The graphs also have a rich cycle
structure (see for example [12]). It is natural to ask, although the question seems not to have
been raised before, what the possible orders of these graphs are. Of course, this is precisely
the question as to what values of b can occur as the number of blocks in block designs. It was
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this that prompted us to examine the table in [14] and eventually to the results described
in this paper. Note that, in particular, Theorem 19 implies that there are arbitrarily long
sequences of consecutive integers b for which no such graph of order b exists (at least in
the case of a single block size and = 1).
Appendix A. Supplementary material
Supplementary data associated with this article can be found in the online version, at
doi:10.1016/j.disc.2004.10.016
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